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Abstract 

Solutions of the Einstein-Maxwell equations with the addition of terms representing 
charged null fluid emitting from a spherically symmetric body are found. One type of 
solution is a simple extension of that found by Bonnor and Vaidya while the other 
represents a null electromagnetic field with nuU electric current. 

1. Introduction 

Bonnor  & Va idya  (1970) have considered the E ins t e in -Maxwel l  theory  
with  null  fluid present  and found  a t ime-dependen t  spher ical ly  symmet r ic  
so lu t ion  o f  the fo rm 

ds 2 = - r  2(d02 + sin z Ode 2) + 2dudr + B du 2 (1.1) 
where 

a = 1 2m(u) ~- 4rce2(u) 
r r 2 

The  only non-zero  componen t  o f  the e lec t romagnet ic  field tensor  F ~  is 

e 
F14 = -F41 = 

The  electr ic cur rent  vector ,  j i ,  is null  and  is given by  

J i  = - ~ 6 1  l 

where ~ = de/du. The null  fluid cur ren t  v I is 

v ~ = 61 i k 
where  
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In this article we find atl solutions of  the form (1.1) for the field equations 
used by Bonnor and Vaidya which are 

g j  - ½6j R = -8rc(EJ + v~ v s) (1.2) 

E j  = -Fla FJa + ~lx S ~,b ~ ab (1.3) 

F,j, k + Fjk,, + Fk,, ~ = 0 (1.4) 

F~J;j = J~ (1.5) 

v ~ vi = 0 (1.6) 

We no te that the non-zero components of  R J  are 

R ~ =  R44 = - ½ ( B "  +2 B ') 

1 (1 - r B '  - B )  R 2  2 = R3  3 = }-~ 

=--1B 
/, 

where the prime and the dot denote partial differentiation with respect to 
r and u respectively. From (1.2), (1.3) and (1.6) we find that the Ricci scalar 
vanishes which leads to the expression found by Bonnor and Vaidya, viz. 

B =  i 2m(u) + h(u) 
F t , 2  

where m, h are arbitrary functions. 

2. Solutions of the Field Equations 

Putting (i, j )  respectively equal to (1,2), (1,3), (3, 2), (4,2), (4, 3) equations 
(1.2) and (1.3) give: 

1 
r 2 s i n  2 0 Fla F23 - -  Fag F21 + vl  v2 = 0 (2.1) 

1 
r-~ F12 F32 - Fj4 F31 + va vz = 0 (2.2) 

BF12 Fla + F13 F24 + F12/734 + v2 v3 = 0 (2.3) 

1 
BF12 F4~ - F41 F42 r 2 sin z 0 F23 F4a + v2 v4 = 0 (2.4) 

BF~3 F41 - F41 F43 - ~ F23 F~z + va v4 = 0 (2.5) 

Since Rt t = R44 we have 

Et t  + vl v ~ = E44 + v4 v 4 
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which leads to 

so that  

1 1 
~-~F12 El2 q r2 sin2 0FiaFi3 + V l V l  = 0 

F12 = F13 = v l  = 0 (2 .6 )  

Also Rz 2 = Ra a gives 

V3/)3 = U2/)2 sin2 0 

which, f rom (2.3) and (2.6), gives 
V2 ~-- /)3 ~- 0 

The only non-zero equations are now (2.4) and (2.5) which become 

F14 F24 r 2 sin 2 0 - t723 F34 = 0 

F 1 4 G 4 r  2 + F2aF24 = 0 

F r o m  these two equations we see that  there are two cases to consider. 

Case I :  G 4  = Fa4 = 0 and at least one of  F~4, F2a non-zero. 

Case II: F~4 = F2a = 0 and at least one o f  F24, G 4  non-zero.  

Putt ing v i = v4 = k we find that  the remaining field equations become 

87"c(F24 F24 + F34Fa4cosec20 + k2r 2) = -2 rh  + - (2.7) g 

and 

h = 4zr(Fi4/;'i4 r 4 + Fz3 F23 cosec 2 0) (2.8) 

3. Case I 

Case I is essentially the same as that  discussed by Bonnor  and Vaidya. 
I f  bo th  F14 and/ ;23  are non-zero then their solution is modified by the 
addit ion o f  a term representing a magnetic monopote ,  as in the static 
solution found  by Hof fmann  (1932). The funct ion h(u) is given by 

h(u) = 4r~[e2(u) + ~2] 

where a is the magnetic pole strength and e(u) is the total charge. The 
electromagnetic field components  are 

e(u) 
F 1 4  ~ - -  

r 

F23 = a sin 0 

No te  that  f rom equation (1.4) a is a constant.  
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The electric current and null fluid current are as given by Bonnor and 
Vaidya, namely 

and 

v~ = (k, O, O, O) 

where 

1 [ . 4 = e ~  

4. Case II  

In this case the electromagnetic field is null. We find from equation (2.8) 
that h = 0 so that we have a Schwarzschild-type solution with metric 

ds2=-r2(dOZ + sin2Od~Z) + 2dudr + (1-2m~u)~)du 2 (4.1) 

Put  h = 0 in (2.7) we see that rh < 0 so that the Schwarzschild mass is 
decreasing. We write 

rh 
~Z(u) = - ~  (4.2) 

so that (2.7) becomes 

F2, F24 + F3, F3, cosec ~ 0 + k s r 2 = c~(u) (4.3) 

Equation (1.4) shows that 

~F=4 0F34 
0 (4.4) Or Or 

0F24 01734 (4.5) 

From (4.3) and (4.4) it follows that kr is independent of  r, i.e. 

k =  p _ 
r 

where, in general, p =p(O,~,u). It also follows from (4.4) that the only 
non-zero component of  the electric current vector J~ is j1  so that J~ is a 
null vector, i.e. 

JI Ji = 0  

Thus in Case II the electromagnetic field is transverse to the direction 
of motion and both the field and the electric current are null. Unlike the 
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solution found by Bonnor and Vaidya an injection of non-electromagnetic 
energy, supplied by the null field current, is not required to maintain the 
field. The power required per unit volume to maintain the given motion of 
charges in the field is zero and so is the power supplied per unit volume by 
the null fluid current. 

The following are some possible solutions of equations (4.3), (4.4) and 
(4.5): 

Solution (a) 
F2,  = ~(u) cos 0 cos 

Fa, = cffu) sin 0 sin ~b 

2~u)-- sin 0 cos ~b 61 i j~ 

v, = ~(u) sin 0 cos $ 6~ ~ 
r 

Solution (b) 

F24 = fl(u) 

F 3 , =  0 

= ~ cot 0 61 t j~ 

v~ = ~(u) ~1 i 
r 

where fl(u), ?(u) are any two functions satisfying 

~2(u) + # ( u )  = ~2(u) 

Solution (c) 
F2, = ~(u) sin 0 

F34 = 0 

= ~2u) cos 0 61 ~ J~ 

v~ = ~(u) cos 0 61 ~ r 

Note that there is no solution for which F24 = 0, F34 # 0. 
The metric (4.1) was found by Vaidya (1953) as a solution of the Einstein- 

Maxwell equations (without null fluid) together with F2,, F3, related by 

F24- F24 +/734 F34 cosec 2 0 = e2(u) 

One possible set of values satisfying this relation is a special case of solution 
(b) corresponding to 7(u) = 0 so that/?(u) = ~(u). The inclusion of the null 
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fluid results in a change in the value o f J  ~ for this (and other) solutions and 
also gives rise to other solutions, such as solution (a), for which no analogous 
solutions exist when the null fluid is absent. 
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